Abstract-This paper studies stability problems of a class of impulsive systems with time delay whose linear parts contain unstable system matrices. By using the method of variation of parameters, Lyapunov functions and inequalities, several stability criteria are established for both linear and nonlinear impulsive systems with time delay. It is shown that the time delay systems can be stabilized by impulses even if the system matrices are unstable. Several numerical examples are given to illustrate the results.
I. INTRODUCTION

I
MPULSIVE dynamical systems have attracted considerable interest in science and engineering in recent years because they provide a natural framework for mathematical modelling of many real world problems where the reactions undergo abrupt changes [1] - [7] . However, most research results on impulsive systems do not consider time delay in their system models. This is mainly due to some theoretical difficulties in the study of impulsive delay systems which have been unsolved until recently. It is well known that time delay is inevitable in many practical problems. Hence, it is important to study impulsive systems with time delay. Generally speaking, the study of impulsive delay systems is more difficult than that of impulsive systems without time delay. It is even more challenging when there are delayed impulses.
There are several research works appeared in the literature on impulsive delay differential equations. In [8] , Ballinger and Liu have proved some existence and uniqueness results for general impulsive delay differential equations, and the results for some special classes of impulsive differential equations have been obtained in [9] - [11] . In [12] , Liu and Shen have obtained two criteria on asymptotic behavior for a class of nonlinear impulsive neutral differential equations. Using fundamental matrices, exponential stability has been investigated for some linear impulsive delay differential equations by Berezansky and Idels [10] and Anokhin, Berezansky, and Braverman [11] . Impulsive integro-differential equations in a Banach space have been studied by Guo and Liu [13] . Lyapunov function method has been applied to the stability analysis of impulsive delay differential equations by Guan [14] . Stability is one of the most important issues in the study of impulsive delay differential equations [10] - [18] . However, most of the research results on the stability are based on the assumption that the system matrix is stable. Recently, using Lyapunov functional, Lyapunov function method and Razumikhin technique, the stability issue has been studied in [18] for some linear time-invariant impulsive control system with time delay where the system matrix is unstable. Several criteria on asymptotic stability are established, and those results show that a system can be stabilized by impulses even if it contains an unstable system matrix. In this paper, we investigate the stability problems of impulsive time-varying linear and nonlinear delay systems which contain unstable system matrix and/or there are time delays at impulsive moments by using the method of variation of parameters, Lyapunov functions and differential inequalities. For the linear impulsive delay differential system, our results are more applicable than those in [18] in the sense that we consider the equations with system matrix having eigenvalues with both positive or zero or negative real parts (see Example 3.1), while in [18] only system matrix having all eigenvalues with either positive real parts or negative real parts is studied.
The remainder of this paper is organized as follows. In Section II, we introduce notation and definitions. We develop impulsive delay inequalities in Section III and then establish several stability criteria for linear and nonlinear impulsive systems with time delay. Numerical examples are given to illustrate our results. Finally, conclusions are given in Section IV.
II. PRELIMINARIES
Let be the set of positive integers, the set of real numbers, the set of nonnegative real numbers, and . For conditions on the existence and uniqueness of the solution of (1), see [8] .
Denote with the solution of (1) with initial function . We define the stability of trivial solution of (1) as follows.
Definition 2.1: The trivial solution of (1) 
III. MAIN RESULTS
A. Linear Impulsive Delay Systems
Consider the time-varying impulsive delay system (2) where , and . Then where is the solution of (2), . Proof: By the method of variation of parameters, the solution of (2) i) For given , delay (small delay system) implies that the stability of (3) is determined by and impulsive interval ; ii) For given delay (the term is a small perturbation of (3)) implies that the stability of (3) The last inequality implies that (5) is exponentially stable. 
Remark 3.2:
In the example, the corresponding system without impulses is unstable since has a positive eigenvalue and is small, the numerical result of this delay differential equation with initial functions is shown in Fig. 1 .
However, if we choose such that (6) holds, for instance for , where is the identity matrix, by Corollary 3.3, the unstable delay differential equation can be exponentially stabilized by impulses, as shown in Fig. 2 .
Notice that is not required for all to achieve stability, i.e., the trajectories of (2) are not required to be decreasing at all impulse moments even if the system matrix is unstable. In addition, the results in [18] are not applicable here since the system matrix in Example 3.1 has both negative and positive eigenvalues.
B. Nonlinear Impulsive Delay System
Using similar approach, we can study the nonlinear impulsive delay system (7) where , and . , where is the solution of (7). Then for , the derivative of along (7) is not required, which means it may be negative for some . And for some special case such as with , additional useful and simple results similar to Corollaries 3.5 and 3.6 can be obtained. , and the initial functions are given by Fig. 3 shows that the corresponding system without impulses is unstable, but it can be exponentially stabilized by impulses, as shown in Fig. 4 . 
C. System With Delayed Impulses
IV. CONCLUSION
We have investigated the stability issues of both linear and nonlinear impulsive delay systems which include unstable system matrix and/or time delay at impulsive moments. Some criteria on stability and exponential stability have been obtained. Our results show that the impulsive delay system with unstable matrix can be stabilized by adjusting impulsive value under certain conditions. Although only single delay has been considered in the paper, the study can be extended to the case with multiple delays. It should be mentioned that the results presented in this paper are not applicable to systems without impulses since the corresponding equations without impulses discussed in this paper are unstable.
